A polygonal number is a positive integer that can be represented by objects arranged in the shape of a polygon. Examples, which date to the time of the ancient Greek geometers, include the triangular, square, oblong, and pentagonal numbers. For n 1 the triangular numbers are T n = 1 + 2 + · · · + n = n(n + 1)/2 (think of a triangular array of pebbles arranged in rows with 1, 2, . . . , n pebbles), the squares are of course n 2 (n rows of n pebbles), and the oblong numbers are n (n + 1) (n rows of n + 1 pebbles). Some numbers are polygonal in more than one way, for example, 6 is both triangular (1 + 2 + 3 = T 3 ) and oblong (2 · 3), while 36 is both square (6 2 ) and triangular (T 8 ). Such numbers-the subject of this note-are called multi-polygonal.
We begin by presenting a method to generate a sequence containing all the square triangular and oblong triangular numbers. With similar methods we generate sequences with all the pentagonal triangular numbers and all the pentagonal square numbers. Some simple relationships among these numbers are useful in this study. These include 2T k = k (k + 1) relating triangular and oblong numbers, and
2 relating triangular and square numbers. Each square k 2 is the arithmetic mean of two consecutive oblong numbers (k − 1) k and k(k + 1), and each oblong number k(k + 1) is the geometric mean of two consecutive squares k 2 and (k + 1) 2 . Later we discuss similar relationships involving the pentagonal numbers. For a comprehensive overview of polygonal numbers and their properties, see [2] .
Square triangular and oblong triangular numbers
The traditional way to find all the square triangular numbers is to solve the equation n(n + 1)/2 = k 2 for n and k. This equation is equivalent to the Pell equation x 2 − 2y 2 = 1, where x = 2n + 1 and y = 2k. Solving Pell equations is a staple of most elementary number theory textbooks. Similarly, the oblong triangular numbers can be found by solving n(n + 1)/2 = k(k + 1) for n and k, and this equation is equivalent to the Pell equation x 2 − 2y 2 = −1, where x = 2n + 1 and y = 2k + 1. Solving Pell equations is hard work, so we take a nontraditional approach and generate a sequence of square and oblong triangular numbers using the following simple theorem relating the factors of one triangular number to a pair of larger triangular numbers with a triangular sum. 
Proof. See Figure 1 for a representation of T n+ p+q (for n = 6, p = 3, and q = 7). Counting the dots in Figure 1 using the inclusion-exclusion principle yields T n+ p+q = T n+ p + T n+q − T n + pq, from which (1) follows. The theorem can also be proved algebraically. Figure 1 shows that T 6 = 21 = 3 · 7 is equivalent to T 16 = T 9 + T 13 . Other identities are similarly established, e.g., T 5n−2 = T 3n−1 + T 4n−2 for n 1 follows from T 2n−1 = n(2n − 1). Two special cases of (1) relate square triangular numbers and oblong triangular numbers:
and
Using (2a) and (2b) repeatedly starting with the smallest square triangular number T 1 = 1 2 yields the following sequence of square and oblong triangular numbers:
Let T denote the sequence of numbers generated by the above procedure, that is, let T = {1, 6, 36, 210, 1225, 7140, 41616, 242556, 1413721, . . . } .
It appears that T is sequence A096979 in [5] . To be precise, T is the set of triangular numbers such that T 1 = 1 2 ∈ T and
Clearly T contains only square and oblong triangular numbers, and we claim that it contains all of them. Our proof uses the well-ordering principle (every nonempty set of positive integers contains a least element). To begin we "invert" the equivalence (1) by setting a = n + p, b = n + q, and c = n + p + q (so that n = a + b − c, p = c − b, and q = c − a) to yield
Note that T c > T a+b−c 1 because a + b − c = n 1 and a + b − c < c since a < c and b < c. Setting c = n and a = b = p in (4) yields
and setting c = n, a = p, and b = p − 1 in (4) yields
Let T denote the set of square triangular numbers and oblong triangular numbers that are not elements of T, and assume that T is nonempty. By the well-ordering principle, T has a least element T n 0 . If T n 0 is oblong, i.e., if
2 is a square triangular number less than T n 0 , hence an element of T. If we set n = 2 p 0 − n 0 and p = n 0 − p 0 in (3a), then n + 2 p = n 0 so that T n 0 is an element of T, a contradiction. Hence the least element T n 0 is not oblong. Similarly T n 0 is not square, so T does not have a least element and is thus the empty set. Hence T contains all the square and oblong triangular numbers.
The structure of the set T of square and oblong triangular numbers
Combing some of the preceding equivalences reveals some of the structure of T. From (5a) and (3b) we have
and similarly (5b) and (3a) yield
Each oblong triangular number in T is the geometric mean of the two neighboring square triangular numbers, because (6a) implies that
. Similarly each square triangular number (greater than 1) in T is 1/3 times the arithmetic mean of the two neighboring oblong triangular numbers, because (6b) implies that 1 3
The geometric mean and arithmetic mean structure of T yields a well-known recurrence relation for the square triangular numbers. Let t k = a 2 k denote the kth square triangular number, e.g., t 1 (a k a k+1 + a k+1 a k+2 ), which simplifies to a k+2 = 6a k+1 − a k . The sequences {a k } = {1, 6, 35, 204, 1189, . . .}, a 2 k (the square triangular numbers), and {a k a k+1 } (the oblong triangular numbers) appear in [5] as sequences A001109, A001110, and A029549, respectively (and T = a 
Pentagonal triangular numbers
The same procedure we used to construct the sequence of square and oblong triangular numbers can be used to construct the sequence of pentagonal triangular numbers. A pentagonal number enumerates the number of objects in a pentagonal array. In Figure  2 P m is triangular if there exists a k such that P m = T k , or equivalently, if there exist a k such that 3T k = T n where n = 3m − 1. In Theorem 2 we show how each solution to T n = 3T k yields a larger solution. When n ≡ −1(mod 3) we have P m = T k for m = (n + 1)/3.
Theorem 2. Let n and k be positive integers. Then
Proof. See Figure 3 for a representation of T 2n+3k+2 (for n = 3 and k = 2).
Counting the dots in Figure 3 using the inclusion-exclusion principle yields T 2n+3k+2 = 3T n+2k+1 − 3T k + T n , from which (7) follows. The theorem can also be proved algebraically.
Before proceeding, we note that Theorems 1 and 2 are discrete versions of the so- Defining T 0 = 0 and using (7) repeatedly yields the following sequence of results: It appears that P is sequence A076139 in [5] , where it is described as the sequence of triangular numbers that are one-third of another triangular number. To be precise, P is the set of triangular numbers such that T 1 = 1 ∈ P and T k ∈ P and 3T k = T n ⇔ T n+2k+1 ∈ P and 3T n+2k+1 = T 2n+3k+2 .
The proof that P contains all triangular numbers that are one-third of another triangular number is analogous to the proof that T contains every square and oblong triangular number, and is omitted.
An element T k = (1/3) T n of P is a pentagonal number P m when n ≡ −1(mod 3), in which case m = (n + 1)/3. In (7), n ≡ −1(mod 3) implies 2n + 3k + 2 ≡ 0 (mod 3) , and n ≡ 0(mod 3) implies 2n + 3k + 2 ≡ −1 (mod 3). Hence every other element of P is a pentagonal triangular number. Each element of P that is not pentagonal is a so-called generalized pentagonal number, a positive integer P m = m (3m − 1) /2 where m is a negative integer. For example, P −3 = 15 ∈ P, P −44 = 2926 ∈ P, and P −615 = 567645 ∈ P. In general, an element T k = (1/3) T n of P where n ≡ 0(mod 3) is the generalized pentagonal number P −n/3 . Thus the elements of P alternate between pentagonal triangular and generalized pentagonal triangular numbers.
Pentagonal square numbers
The pentagonal number P m is a square p 2 when P m = (1/3) T 3m−1 = p 2 , or equivalently, when T 3m−1 = 3 p 2 . To find solutions to this equation we employ the next theorem.
